Let Q = B;(0) c R2. Given g € C(Q), we define

2n olx—c>

Theorem 1. In Q, u(x) is smooth and Au(x) = 0 holds.

Proof. Since |x — 0| > 0 for x € Q, |x — 0|2 is smooth in Q. Hence, u(x) is smooth in Q. Next, we

recall the Green function

Glx.y) = =3 (log |x =y —tog (J+lly = 1)) @

where x* = x|x|~2, and we calculate

1 x—y x*—y
WOl = o (!x—yz | —y\z) ' ¥

If o € 0By (0), then we have |x* — | = |x|~!|x — o|. Hence,

1 xX—o x> (x* — o) o(1 — |x?)
V,G(x,0) = — - - : 4
yG(%.0) 27 (\x—a!z lx — o? 27t|x — o)? @
Since v(0-) = o on 0B (0), we have
ux) = | Gulxarlglordo, ®
0Q
which is harmonic in Q. O
Theorem 2. u € C(Q) and u = g on Q.
Proof. We define
K(ny) = 2L (6)
X, = < 1>
Y 27t|x — y|?
and express u by
u(x) = f g(o)K(x,0)do. (7
0B1(0)

We notice that if g(x) = 1 is a constant function then by the uniqueness u(x) = 1. Therefore,

1= J K(x,0)do. (8)
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Given o € 0Q, we multiply g(o) to (8) and subtract from (8) to obtain

u(x) — g(c0) = f K(x,0)(g(0) — g(o0))dor ©)

oQ

Since g € C(Q), given oyp € 0B1(0) and € > 0, there exists 6 > 0 such that |g(x) — g(00)| < §
holds if |x — 09| < 6. Hence, (@) implies

u(x) — g(o0)] < f K(x.0) |g(c) — glc0)| dor (10)
0QNBs(00)
" f K(x0) 8(c) — g(o0)| do (a1
0Q\Bs(00)
<< 4 2max|g] K(x,o)dor. (12)
2 20\ Bs(cr0)

If [x — 07| < §, then |x — | > § holds for o ¢ Bs(c7). Thus,

u(x) — g(o0)| < 5 + ——=5- (1 = [x[?). (13)
Moreover,
11— [x*| = [[oo]* = [x*| = [(0 — x) (o0 + x)| < 2|oo — x]. (14)

Therefore, there exists some &' < $ such that if [og — x| < &' then |u(x) — g(c0)| < €, namely u is

continuous at oy € 0Q and u(o) = g(op). mi



