
Let Ω “ B1p0q Ă R2. Given g P CpΩq, we define

upxq “
1´ |x|2

2π

ż

BΩ

gpσq
|x´ σ|2

dσ. (1)

Theorem 1. In Ω, upxq is smooth and ∆upxq “ 0 holds.

Proof. Since |x´ σ| ą 0 for x P Ω, |x´ σ|´2 is smooth in Ω. Hence, upxq is smooth in Ω. Next, we

recall the Green function

Gpx, yq “ ´ 1
2π

´

log |x´ y| ´ log
`

|x||y´ x
|x|2 |

˘

¯

, (2)

where x˚ “ x|x|´2, and we calculate

∇yGpx, yq “
1

2π

ˆ

x´ y
|x´ y|2

´
x˚ ´ y
|x˚ ´ y|2

˙

. (3)

If σ P BB1p0q, then we have |x˚ ´ σ| “ |x|´1|x´ σ|. Hence,

∇yGpx, σq “
1

2π

ˆ

x´ σ

|x´ σ|2
´
|x|2px˚ ´ σq

|x´ σ|2

˙

“
σp1´ |x|2q
2π|x´ σ|2

. (4)

Since νpσq “ σ on BB1p0q, we have

upxq “
ż

BΩ

Gνpx, σqgpσqdσ, (5)

which is harmonic in Ω. �

Theorem 2. u P CpΩq and u “ g on BΩ.

Proof. We define

Kpx, yq “
1´ |x|2

2π|x´ y|2
, (6)

and express u by

upxq “
ż

BB1p0q
gpσqKpx, σqdσ. (7)

We notice that if gpxq “ 1 is a constant function then by the uniqueness upxq “ 1. Therefore,

1 “
ż

BΩ

Kpx, σqdσ. (8)

1



2

Given σ0 P BΩ, we multiply gpσ0q to (8) and subtract from (8) to obtain

upxq ´ gpσ0q “

ż

BΩ

Kpx, σqpgpσq ´ gpσ0qqdσ. (9)

Since g P CpΩq, given σ0 P BB1p0q and ε ą 0, there exists δ ą 0 such that |gpxq ´ gpσ0q| ď
ε
2

holds if |x´ σ0| ď δ. Hence, (9) implies

|upxq ´ gpσ0q| ď

ż

BΩXBδpσ0q

Kpx, σq |gpσq ´ gpσ0q| dσ (10)

`

ż

BΩzBδpσ0q

Kpx, σq |gpσq ´ gpσ0q| dσ (11)

ď
ε

2
` 2 max |g|

ż

BΩzBδpσ0q

Kpx, σqdσ. (12)

If |x´ σ0| ď
δ
2 , then |x´ σ| ě δ

2 holds for σ R Bδpσ0q. Thus,

|upxq ´ gpσ0q| ď
ε

2
`

2 max |g|
pδ{2q2

p1´ |x|2q. (13)

Moreover,
ˇ

ˇ1´ |x|2
ˇ

ˇ “
ˇ

ˇ|σ0|
2 ´ |x|2

ˇ

ˇ “ |pσ0 ´ xqpσ0 ` xq| ď 2|σ0 ´ x|. (14)

Therefore, there exists some δ1 ď δ
2 such that if |σ0 ´ x| ď δ1 then |upxq ´ gpσ0q| ď ε, namely u is

continuous at σ0 P BΩ and upσ0q “ gpσ0q. �


